The emphasis in this paper is on the Coupled System of a Kirchhoff-Love Plate Equation with the Equation of a Membrane-like Electrical Network, where the coupling is of higher order given by the Laplacian of the displacement velocity γ∆u t and the Laplacian of the electric potential field γ∆v t , here only one of the equations is conservative and the other has dissipative properties. The dissipative mechanism is given by an intermediate damping (−∆) θ v t between the electrical damping potential for θ = 0 and the Laplacian of the electric potential for θ = 1. We show that S(t) = e Bt is not analytic for θ ∈ [0, 1], however S(t) = e Bt decays exponentially for 0 ≤ θ ≤ 1.
Introduction
In the literature there are several mathematical models that model a single electrical network connecting piezoelectric actuators and/or transducers, see for example [21] , [23] and [22] . In Particular in [23] , equations (2b) and (2c). We have, for example, the equations of a second order electric transmission line with zero order or second order dissipation: (S,Z)-network: second-order network with zeroth-order dissipation v tt − β 2 ∆v + δ 0 v t = 0
(1) (S,S)-network: second-order network with second-order dissipation
Here we denote by v(x, t) the time-integral of the electric potential difference between the nodes and the ground.
The paper deal with the following coupled system of the Kirchhoff-Love Plates and Membrane-Like Eletric Network deduced in [21] :
v tt − β∆v + γ∆u t + δv t + δγ∆u = 0,
x ∈ Ω, t > 0,
satisfying the boundary conditions u = ∆u = 0, v = 0, x ∈ ∂Ω, t > 0,
and prescribed initial data u(x, 0) = u 0 (x), u t (x, 0) = u 1 (x), v(x, 0) = v 0 (x), v t (x, 0) = v 1 (x), x ∈ Ω. (6)
Here we denote by u(x, t) the transversal displacements of the plates and v(x, t) is time-integral of the electric potential difference between the nodes and the ground, at time t > 0 and x ∈ Ω ⊂ R n the domain with smooth boundary ∂Ω, the coefficient
in which :
, is bending stiffness, µ L and λ L are the Lamê moduli and
. 2h is the thickness of the thin plate is assumed to be small compared with the l length the diameter of the plate, M P := 2ρl 2 h the total mass of the plate, ρ is the mass density and the characteristic pulsation ω := π l
, the coefficient δ is positive and is defined as δ := R N L N ω where R N and L N are respectively the net-inductance and net-resistance. The coupling coefficient γ := g me lω 1 M P C N where C N is net-capacitance per unit area of the plate, g me is eletro-mechanical coupling coefficient of the constitutive equation of the properties of the single Lead Zirconate Titanate Ceramics (PZT) actuator:
where g mm is the actuator bending stiffness, g ee is capacitance. Equation (7) establishes that the actuators can supply electrically induced moments only in two fixed material orthogonal directions and that they cannot supply 'mixed' moments; the orthogonal system introduced accounts for this directionality. Moreover we have assumed that the piezoelectric stiffnesses in e 1 and e 2 are equal; this assumption seems reasonable when using PZT actuators exploiting Poisson effect. where M ii and w ,ii are the piezo-electrically induced bending moments and curvatures, while ψ are the charge per unit area and voltage between the actuator plates.
The systems (3)-(4) they set up indirect damping mechanisms which arise, not from insertion of damping terms into the original equations describing the mechanical motion, but by coupling those equations to further equations describing other processes in the structure.
In this paper we study the asymptotic behavior and analyticity of the abstract model with fractional damping (−∆) θ v t to 0 ≤ θ ≤ 1 (9)-(10), being that the equation (10) models the electric network and that in the particular case for θ = 0 and θ = 1 are the mathematical models (1) and (2) of [21] . But with a single coupling term in each of the equations of the system, given by γAv t and −γAu t respectively. For more details on modeling see [21, 22] .
Let Ω a bounded set in R n with smooth boundary and given the operator:
It is known that this operator given in (8) is selfadjoint, positive and has compact inverse. Using this operator, given the system (3)-(6), can be written in an abstract way as follows: u, v defined in some suitable subespace of X = L 2 (Ω) that contemplates the boundary conditions (5) (for example D(A 
the initial data
and satisfying the boundary conditions
where Ω be a bounded open set of R n with smooth boundary ∂Ω.
In the last decades, many researchers have focused their efforts in the study of the asymptotic stability of several coupled systems with indirect damping (This terminology was used by Russell in his work [25] ). Systems of two coupled equations as wave-wave, plate-plate or plate-wave equations with indirect damping inside of their domains, or on their boundaries, were studied by several authors. We going are briefly mention some of them:
Alabau et al. in [2] . They considered an abstract evolution equations given by:
in which Ω be a bounded open set of R n with smooth boundary ∂Ω and A 1 , A 2 are self-adjoint positive linear operators in Hilbert space and B is a bounded operator. When A 1 = ∆, A 2 = ∆ 2 and B is the identity operator, this system models can be obtained by coupling two partial differential equations of different orders. Consider for instance the following wave-Petrowsky system, where β > 0, with partial frictional damping. For this case, they showed that, if 0 < |α| < C 3/2 Ω and
(Ω). then the energy of the solution satisfies, for every t > 0, the estimate
In this direction other results can be found in [4, 5, 6, 10, 14, 20] .
Alabau et al. [4] (see also [2, 1, 5] ) considered an abstract system of two coupled evolution equations with applications to several hyperbolic systems satisfying hybrid boundary conditions. They have shown the polynomial decay of their solutions using energy method and multiplicative techniques. Tebou [28] considered a weakly coupled system of plate-wave equations with indirect frictional damping mechanisms. He showed this system is not exponentially stable when the damping acts either in the plate equation or in the wave equation and a polynomial decay of the semigroup was showed using a frequency domain approach combined with multiplier techniques, and a recent Borichev and Tomilov [7] result in the characterization of polynomial decay of limited semigroups. Recently, Guglielmi [10] considered two classes of systems of weakly coupled hyperbolic equations wave-wave equation and to a wave-Petrovsky system. When the wave equation is frictionally damped, he proved that this system is not exponentially stable and a polynomial decay was obtained. No result about the optimal decay rate was provided. Many other papers were published in this direction, some of them can be viewed in [5, 16, 17, 24, 28, 30] . Now we will mention some concrete problems that motivated the elaboration of this paper:
Han and Liu in [13] have recently studied the regularity and asymptotic behavior of two-plate system solutions where only one of them is dissipative and indirect system dissipation occurs through the higher order coupling term γ∆w t and −γ∆u t . The damping mechanism considered in this work were the strutural or the KelvinVoigt damping. More precisely, the system studied in [13] is:
satisfying the boundary conditions
and prescribed initial data
Where u(x, t), w(x, t) denote the transversal displacements of the plates at time t in the domain Ω ⊂ R n with smooth boundary ∂Ω, γ = 0 is the coupling coefficient. Only one of the damping coefficients d st ≥ 0 and d kv ≥ 0 is positive.
Han and Liu showed that the semigroup associated with the indirect structural damping system is analytical and exponentially stable by the frequency domain method. However, through detailed spectral analysis, they showed that a branch of eigenvalues of the indirect Kelvin-Voigt damping system has a vertical asymptote
kv . This implies that the associated semigroup cannot be analytical. For this they showed the lack of differentiability due to spectrum distribution. Finally Han and Liu show that exponential stability is maintained.
Dell'Oro et al. in [11] . They considered the abstract system with fractional partial damping, given by:
where Ω be a bounded open set of R n with smooth boundary ∂Ω and A is a positive self-adjoint operator. When A = −∆ this system models a thermoelastic plate. They showed that the semigroup of this system is exponentially stable if and only if σ ≥ 1. Moreover, when 1/2 ≤ σ < 1, they proved that the semigroup decays polynomially to zero as t −1/(4−4σ) for initial data in the domain of the semigroup generator, and such a decay rate is optimal. In this same work, they also showed that, for the case γ = 0 and 0 ≤ σ < 1/2, the semigroup decays polynomially with the optimal rate t −1/(1−2σ) . Similar works can be found in [3, 6, 17, 26, 27, 29] .
A more recent result involving fractional dissipation was published by OquendoSuárez (2019) [15] , they studied the following abstract system:
where Ω be a bounded open set of R n with smooth boundary ∂Ω and one of these equations is conservative and the other has fractional dissipative properties given by A θ v t , where 0 ≤ θ ≤ 1 and A = −∆ and where the coupling terms are αu and αv. It is shown that the semigroup decays polynomially with a rate that depends on θ and some relations between the structural coefficients of the system. Have also shown that the rates obtained are optimal.
The remainder of this paper is organized as follows: in section 2, we study the well-posedness of the system (9)- (12) through the semigroup theory. We left our main results for the last two sections. In section 3 was introduced the study the asymptotic behavior of the semigroup S(t) = e Bt , where we show the exponential decay to 0 ≤ θ ≤ 1 and finally subdivide section 4 into two subsections for using hipotese to operator given in (8) is selfadjoint, positive and has inverse compact, show the lack of analyticity of the semigroup S(t) = e Bt : in the subsection we show for 0 ≤ θ < 1 and in subsection 4.2 we show for the case θ = 1.
Well-Posedness of the System
In this section we will use the semigroup theory for assure the existence and uniqueness of strong solutions for the system (9)- (12) where the operator A is given by (8) . Before this, let us see some preliminary results. It is important recalling that A is a positive self-adjoint operator with compact inverse on a complex Hilbert space X = L 2 (Ω). Therefore, the operator A θ is self-adjoint positive for θ ≥ 0, bounded for θ ≤ 0, and using the embedding
, where · denotes the norm in the Hilbert space X. Some of these spaces are:
Now, we will use a semigroup approach to study the well-posedness of the system (9)- (12) . Taking w = u t , v t = z and considering U = (u, v, w, z) and U 0 = (u 0 , v 0 , u 1 , v 1 ), the system (9)-(12), can be written in the following abstract framework
where the operator B is given by
for U = (u, v, w, z). This operator will be defined in a suitable subspace of the phase space
It's a Hilbert space with the inner product
In these conditions, we define the domain of B as
To show that the operator B is the generator of a C 0 -semigroup we invoke a result from Liu-Zheng' book. Let us see that the operator B satisfies the conditions of this theorem. Clearly, we see that D(B) is dense in H. Effecting the internal product of BU with U, we have
that is, the operator B is dissipative.
To complete the conditions of the above theorem, it remains to show that 0 ∈ ρ(B). Let F = (f 1 , f 2 , f 3 , f 4 ) ∈ H, let us see that the stationary problem BU = F has a solution U = (u, v, w, z). From the definition of the operator B given in (14) , this system can be written as
This problem can be placed in a variational formulation: to find t = (u, v) such that
where
The Proof of the coercivity of this sesquiline form in Hilbert space D(A)×D(A 1 2 ) is immediate, now, applying the Lax-Milgram Theorem and taking into account the first equations of (16)- (17) we have a unique solution U ∈ H. As this solution satisfies the system (16)-(17) in a weak sense, from these equations we can conclude that U ∈ D(B). Finally, as
From second equations of (16)- (17), applying Cauchy-Schwarz and Young inequalities to the second member of this inequality, for ε > 0 there exists C ε > 0, such that
This inequality and the first equations of (16)- (17) imply that U ≤ C F , then 0 belongs to the resolvent set ρ(B). Consequently, from Theorem 1 we have B is the generator of a contractions semigroup.
As B is the generator of a C 0 -semigroup the solution of the abstract system (13) is given by U(t) = e tB U 0 , t ≥ 0. Thus, we have shown the following well-posedness theorem:
Theorem 2 (see [18] ) Let us take initial data U 0 in H then there exists only one solution to the problem (13) satisfying
Stability Results
In this section, we will study the asymptotic behavior of the semigroup of the system (9)-(12).
First we will use the following spectral characterization of exponential stability of semigroups due to Gearhart [9] (Theorem 1.3.2 book of Liu-Zheng ) and to study analiticity we will use a characterization of the book of Liu-Zheng (Theorem 1.3.3).
Theorem 3 (see [12]) Let S(t) = e
Bt be a C 0 -semigroup of contractions on a Hilbert space. Then S(t) is exponentially stable if and only if
and lim sup
holds.
Theorem 4 (see [12] ) Let S(t) = e Bt be C 0 -semigroup of contractions on a Hilbert space. Suppose that ρ(B) ⊇ {iλ/λ ∈ R} ≡ iR Then S(t) is analytic if and only if
It follows, C will denote a positive constant that assumes different values in different places and the coupling coefficient α assumed positive. The results remain valid when this coefficient is negative.
First, note that if λ ∈ R and F = (f 1 , f 2 , f 3 , f 4 ) ∈ H then the solution U = (u, v, w, z) ∈ D(B) of the stationary system (iλI − B)U = F can be written in the form
We have
From equations (23) and (26), we have
As
, taking into account the continuous embeding (26), we obtain
3.1 Exponential Decay for 0 ≤ θ ≤ 1
In this subsection we show the exponential decay using Theorem (21), let us first check condition (20) . Now, notice that:
Summing up, both equations and taking the real part, we have
We are going to begin the study of the asymptotic behavior of the semigroup e tB with the followings lemmas.
Lemma 5 Let 0 ≤ θ ≤ 1 and σ ≤ −1. The solutions of equations (22)- (25) satisfy the following equality
Proof: Applying the product duality to equation (24) with A σ z and recalling that the operator A is self-adjoint, we have
Similarly, applying the product duality to equation (25) with α β A σ+1 w and using the equation (22) we obtain
Now, to get the conclusion of this Lemma it is sufficient to perform the subtraction of these last two equations,take the real part and using the identity (30) . ✷ Taking σ = −2, in Lemma (5), we have
Substituting (32) into (31), we have
On the other hand of the equation (24), we have A −2 λw = iαu+iγA
Now, substituting (34) into (33), we have
Applying Cauchy-Schwarz and Young inequalities, taking into account the con-
, θ − 1 ≤ θ 2 and using
estimative (26) we have, for ε > 0, there existe k ε > 0, such that
On the other hand, by effecting the product duality of (24) by A −θ u, we have
Taking real part and applying Cauchy-Schwarz and Young inequalities, taking into account the continuous embedding, − , we have
Substituting (37) into (36) and , taking into account the continuous embedding,
, we have
Taking the duality product between equation (24) and u and using the equation (22), we obtain
Applying Cauchy-Schwarz and Young inequalities, taking into account the continuous embedding
and using estimatives (26) and (38) we have, for ε > 0, there existe k ε > 0, such that
Similarly, applying the duality product to equation (25) with v and using the equation (23), we have
Subtracting (41) , using the estimative (40) and applying Cauchy-Schwarz inequality and Young inequality and continuous embedding we have the inequality
Therefore, estimates (29), (38), (40) and (42), condition (20) the Theorem(3) is verified for 0 ≤ θ ≤ 1. Now let's show condition (19) the Theorem(3). It'is prove that iR ⊂ ρ(B) by contradiction, then we suppose that iR ⊂ ρ(B). As 0 ∈ ρ(B), we consider the highest positive number λ 0 such that the ] − iλ 0 , iλ 0 [⊂ ρ(B) then iλ 0 or −iλ 0 is an element of the spectrum σ(B). We Suppose iλ 0 ∈ σ(B) (if −iλ 0 ∈ σ(B) the proceeding is similar). Then, for 0 < δ < λ 0 there exist a sequence of real numbers (λ n ), with δ ≤ λ n < λ 0 , λ n → λ 0 , and a vector sequence U n = (u n , v n , w n , z n ) ∈ D(B) with unitary norms, such that (iλ n − B)U n = F n → 0, as n → ∞. From (40) and (42) for 0 ≤ θ ≤ 1, we have
In addition to the estimates and (29) and (38) for 0 ≤ θ ≤ 1, we have
Consequently,
Therefore, we have U n → 0 but this is absurd, since U n = 1 for all n ∈ N. Thus, iR ⊂ ρ(B).
This completes the proof of condition (19) of the Theorem(3).
S(t) = e
Bt is not analytic for θ ∈ [0, 1]
In this section we will show that S(t) is not analytic for θ ∈ [0, 1]. The proof will be divided into two subsections: In the first subsection (4.1) we show the lack of analyticity for 0 ≤ θ < 1 and in subsection (4.2) we test the lack of analyticity for θ = 1.
In the proof of both subsections, we will use the (21) equivalence of the theorem (4), note that non-verification of the right-hand inequality of identity (21) implies the lack of analyticity of the associated semigroup S(t) = e Bt .
Theorem 6
The semigroup associated to system (9)- (12), is not analytical for θ ∈ [0, 1).
Proof: The spectrum of operator A = −∆ defined in (8) is constituted by positive eigenvalues (σ n ) such that σ n → ∞ as n → ∞. For n ∈ N we denote with e n an unitary L 2 -norm eigenvector associated to the eigenvalue σ n , that is
4.1 Lack of analiticity for θ ∈ [0, 1)
Let's show that the right side of inequality (21) for θ ∈ [0, 1) is not verified. Consider the eigenvalues and eigenvectors of the operator A as in (8) and (43) respectively.
Let F n = (0, 0, −e n , 0) ∈ H. The solution U = (u, v, w, z) of the system (iλI − B)U = F n satisfies w = iλu, z = iλv and the following equations
Let us see whether this system admits solutions of the form u = µe n , v = νe n , for some complex numbers µ and ν. Then, the numbers µ, ν should satisfy the algebraic system
On the other hand solving the system (44)-(45), we find that
where p 1,n (λ 2 ) := λ 2 − ασ 2 n and p 2,n (λ 2 ) = λ 2 n − βσ n .
Taking s n = λ 2 = λ 2 n and considering the polynomial q n (s n ) := p 1,n (s n )p 2,n (s) − γ 2 σ 2 n s n = s 
From (58), to obtain s n ≈ σ n then λ n ≈ σ 
Therefore, using estimatives (59) in (60), we obtain
Finally, for C > 0, the solution U n of the system (iλ n − B)U = F n , satisfies U n ≥ w n = |λ n | u n = |λ n ||µ n | e n = |λ n ||µ n | for 0 ≤ θ < 1 C A 
Then, using estimatives (52) and (61) in (62), for κ > 0 we have
for, 0 ≤ θ < 1. |λ| 0 > κ|λ|
for, θ = 1.
From (63), the right side of inequality (21) the Theorem (4) is not verified. This completes the proof of the lack of analyticity for 0 ≤ θ ≤ 1.
✷
